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Abstract 

This paper investigates the fields of definition up to isogeny of the abelian varieties called 
building blocks. In [5] and [3] a characterization of the fields of definition of these varieties 
together with their endomorphisms is given in terms of a Galois cohomology class canonically 
attached to them. However, when the building blocks have quaternionic multiplication, then 
the field of definition of the varieties can be strictly smaller than the field of definition of 
their endomorphisms. What we do is to give a characterization of the field of definition 
of the varieties in this case (also in terms of their associated Galois cohomology class), by 
translating the problem into the language of group extensions with non-abelian kernel. We 
also make the computations that are needed in order to calculate in practice these fields from 
our characterization. 
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1 Introduction 

An abelian variety B/Qis called a Q-abelian variety if for each a £ Gq = Gal(Q/Q) there exists 
an isogeny fj, a : a B^B compatible with the endomorphisms of B, i.e. such that (p ° fi a = [i a ° (Tt ~p for 
all <p € End°(5) = End(5)<g> z Q- A building block is a Q-abelian variety B whose endomorphism 
algebra End (B) is a central division algebra over a totally real number field F with Schur index 
t = 1 or t = 2 and t[F : Q] = dimB. In the case t = 2 the quaternion algebra is necessarily 
totally indefinite. The interest in the study of the building blocks comes from the fact that 
they are the absolutely simple factors up to isogeny of the non-CM abelian varieties of GL2-type 
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(see [3J) and therefore, as a consequence of a generalization of Shimura-Taniyama, they are the 
non-CM absolutely simple factors of the modular jacobians Ji(iV). 

In [3] and in [3J Ribet and Pyle investigated the possible fields of definition of a building 
block up to isogeny; in fact, and to be more precise, their results concern the field of definition 
of the variety together with its endomorphisms. The main result in this direction is that every 
building block B/Q is isogenous over Q to a variety -Bo defined over a polyquadraticQ number 
field K, and with all the endomorphisms of Bq also defined over K (this is [3j Theorem 5.1]). 
From the proof of this result one can deduce the existence of minimal polyquadratic number 
fields with this property. Moreover, each of these minimal number fields must contain a certain 
field Kp that can be calculated from a cohomology class in H 2 (Gq, F*) canonically attached to 
B. 

If B is a building block whose endomorphism algebra End (5) is a number field F and B is 
defined over a number field K, then all the endomorphisms of B are also defined over K; this 
follows easily from the compatibility of the isogenies and from the commutativity of End°(i?). 
Therefore, in this case it is not a restriction to impose on a field of definition of B to be also 
a field of definition of its endomorphisms. But if B has quaternionic multiplication, that is 
if End°(-B) is a quaternion algebra, then a field of definition of B is not necessarily a field of 
definition of End°(-B). In this situation, it can occur that B is indeed isogenous to a variety 
Bq defined over a field L smaller than the minimal ones given by Ribet and Pyle, but of course 
with End?, (S ) £ End°(5 ). The easiest case where this happens is in the abelian varieties 
of GL2-type that are absolutely simple and have quaternionic multiplication over Q. They are 
building blocks and any field of definition of their endomorphisms must strictly contain Q, but 
clearly Q can be taken to be a field of definition of these varieties up to isogeny. In section [6] we 
will give more involved examples of this phenomenon, in the sense that it will not be obvious a 
priori that one can descent the field of definition of the building block up to isogeny. 

The goal of this article is to characterize the fields of definition of quaternionic building 
blocks up to isogeny, and to determine under what conditions it is possible to define them 
in a field strictly contained in the minimal ones given by Ribet and Pyle for the variety and 
the endomorphisms. Our strategy will be to translate the problem into the language of group 
extensions, and then use general results of this theory and some explicit computations with the 
groups involved to perform the study. 

2 Building blocks and fields of definition 

We begin this section by recalling the main tools used in the study of the field of definition of 
building blocks. The main references for this part are [5] and [3j (and see also [U Section 1] for 
a similar account of this material). 

Let K be a number field. We will say that a building block B is defined over K if the 
variety B (but not necessarily all of its endomorphisms) is defined over K. If B is isogenous to 
a building block defined over K we will say that K is a field of definition of B up to isogeny, 
or that B is defined over K up to isogeny. Note that this is a modification of the terminology 
used in [3J, where a field of definition of a building block was defined to be a field of definition 
of the variety and of all its endomorphisms. 

Given a building block B we fix for every a € Gq a compatible isogeny \i a : a B^B. Since B 

1 i.e. a composition of quadratic extensions of Q. 
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has a model defined over a number field, we can choose the collection to be locally constant. 
For a, t G Gq the isogeny cb{ct,t) = /i ff » ff /j T »^ 1 lies in the center F of End°(i?), and the map 
(a, t) ^ cb(ct,t) is a continuous 2-cocycle of Gq with values in F* (equipped with the trivial 
CnQ-action) . Its cohomology class [cb] is an element of H 2 (Gq, F*) that does not depend on the 
particular choice of the compatible isogenies and if B ~ B' are isogenous building blocks 
then we can identify its associated cohomology classes [cb] and \cb'\- An important property of 
[cb] is that it belongs to the 2-torsion subgroup H 2 (Gq, F*)[2]; that is, there exists a continuous 
map a i— > d a : Gq— >F* such that c(<r, t) 2 = d a d T d~^. The cohomology class [cb] gives all the 
information about the field of definition of a building block together with its endomorphisms up 
to isogeny, thanks to the following proposition, which is O Proposition 5.2]. 

Theorem 2.1 (Ribet-Pyle) Let B be a building block and 7 = [cb] its associated cohomology 
class. There exists a variety Bq defined over a number field K and with all its endomorphisms 
defined over K that is isogenous to B if and only i/Res^ (7) = 1, where Res,Q is the restriction 
map Res^: H 2 (Gq,F*)^H 2 (G k ,F*). 

A sign map for F is a group homomorphism sign: .F*— ►{±1} such that sign(— 1) = —1. A 
sign map gives a group isomorphism F* ~ P x {±1}, where P = F* /{±1}. From now on we 
fix a sign map for F by fixing an embedding of F in R, and then taking the usual sign. The 
corresponding isomorphism F* ~ P x {±1} gives then a decomposition of H 2 (Gq, F*)[2\. 

Proposition 2.2 Let F be a totally real number field, and let P be the group F*/{±1}. There 
exists a (non- canonical) isomorphism of groups 

H 2 (Gq,F*)[2] ~H 2 (G q ,{±1}) xHom(G Ql P/P 2 ). (1) 

J/ 7 = [ c ] g H 2 (G Q ,F*)[2] we denote by 7± G ff 2 (G Q , {±1}) and 7 G Houl(Gq, P/P 2 ) its two 
components under the isomorphism ([1]) . They can be computed in the following way: 

1. The cohomology class 7± is represented by the cocycle (a, r) 1— ► sign(c(<r, r)). 

2. If c(a, t) 2 = d a d T d~r is an expression of c 2 as a coboundary, the map 7 is given by 
a^d a mod {±1}F* 2 . 

Proof: This is essentially the content of the propositions 5.3 and 5.6 in [3]. □ 

Let B be a building block and 7 = [cb] its associated cohomology class. A field K is a 
field of definition up to isogeny of B and of its endomorphisms if and only if K trivializes both 
components 7 and j± (that is, if and only if the restriction of both components to Gk is trivial). 
Let Kp be the fixed field of ker 7, which is a 2-extension of Q. Then K trivializes 7 if and only 
if it contains Kp. Since H 2 (Gq, {±1}) is isomorphic to the two torsion of the Brauer Group of 
Q, we can identify 7± with a quaternion algebra over Q, and K trivializes 7-t if and only if it is 
a splitting field of the quaternion algebra represented by 7-1- . If Kp already trivializes 7 ±, then 
Kp is the minimum field of definition of B and of its endomorphisms up to isogeny. Otherwise, 
there is no such a minimum field: all the fields of definition of B and of its endomorphisms up to 
isogeny must contain Kp and are splitting fields of 7-1- . For instance, for each maximal subfield 
K± of the quaternion algebra given by 7±, the field K±Kp is a minimal polyquadratic number 
field with the property of being a field of definition of B and of its endomorphisms up to isogeny. 

Our study of the fields of definition of a building block up to isogeny will be based on the 
following theorem of Ribet (cf. [U Theorem 8.1]), that characterizes such fields. 
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Theorem 2.3 (Ribet) Let L/K be a Galois extension of fields, and let B be an abelian variety 
defined over L. There exists an abelian variety Bq defined over K such that B and Bq are 
isogenous over L if and only if there exist isomorphisms in the category of abelian varieties up 
to isogeny {4> a : a B^B} aeGal{L/K) satisfying that 4>ar 0<T <i>T'<K^ = 1- 

Now we reformulate the previous theorem for building blocks in terms of the splitting of an 
exact sequence of groups. For a building block B, we denote by lsog°( a B, B) the isomorphisms 
between a B and B in the category of abelian varieties up to isogeny. Let E be the disjoint union 
of these sets for all a G Gk ■ 

E= □ Isog CB,B). (2) 

a&G K 

The elements in E are therefore of the form <p a G Isog°( <7 i?, B) for some a G Gk- We note that, 
even if for some a ^ r one has a B = T B, we regard Isog°( CT -B, B) and Isog°( T i?, B) as different 
sets in ([2]). We make E into a group by defining the product <f> a ■ (j) T := 4> a o<T <^ r G Isog°( fTT i?, B). 
In fact, we will regard E as a topological group endowed with the discrete topology. If we denote 
by B the algebra End°(-B), for each number field K we have the following exact sequence 

1 — >B*^E^G K — >1, (3) 

where i consists on viewing every (j) G B* as an element of Isog°( Id -B, B), and 7r((/v) = o~ 
if <p a G lsog°( cr B, B). Note that 7r is surjective because B is isogenous to all of its Galois 
conjugates, since it is a Q- variety. 

Proposition 2.4 Let B be a building block. A number field K is a field of definition of B up 
to isogeny if and only if the exact sequence ([3]) splits with a continuous section; that is, if and 
only if there exists a continuous morphism s: Gk^E such that tt°s = Id. 

Proof: A (set-theoretic) section for n is a map a \— > (j) a with (j) a G lsog°( a B,B). By the 
definition of the product in E, the condition of being a morphism translates into the condition 
cj) a o a (j) T o (fr-i = i ( which is the same that appears in 12.31 □ 

3 Exact sequences with non-abelian kernel 

The problem of determining whether an exact sequence of groups is split is well known and it has 
been vastly studied in the case of abelian kernel. However, we are interested in the sequence (|3|) 
only in the case that B is a quaternion algebra, and then the kernel is non-abelian. For this 
reason, in this section we consider exact sequences of topological groups 

1 — ► H E ^G — > 1, (4) 

where we do not require H to be commutative. Recall that a (set-theoretic) section of ir is a 
continuous map s: G^E such that 7r°s = Id, and that the sequence @) is said to be split if 
there exists a section s that is also a group homomorphism. For each section s of tt we define c s 
to be the map 

c s : G x G — > H 

(a, t) i — > s(cr)s(r)s((jr) _1 . 

Let Z be the center of H. We say that s is a central section if c s (o~,t) G Z for all a, r G G. 
A central section s can be used to define an action S of G in H, by defining Q s (a)(h) = 
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s(o~)hs(o~) for all a £ G, h £ H. It is easily checked that this is indeed a group action that 
will depend, in general, on the central section s used. However, when restricted to Z it gives 
rise to an action from G on Z that is independent of the central section s. 

Let 9 be the action defined on Z by any central section, and denote by Z 2 (G, Z; 9) the group 
of continuous 2-cocycles from G with values in Z with respect to the action 9. One easily checks 
that c s £ Z 2 (G,Z;9). In the commutative kernel case, i.e. when H = Z, the cohomology class 
[c s ] does not depend on the section s, and the exact sequence (j4]) is split if and only if [c s ] is 
trivial. However, if the kernel is non-abelian the cohomology class [c s ] does depend in general 
on the central section s, and the characterization of the splitting of the exact sequence in terms 
of [c s ] is given by the following 

Proposition 3.1 The exact sequence is split if and only if there exists a central section s 
such that its cohomology class [c s ] G H 2 (G,Z;9) is trivial. 

Proof: If the sequence splits there exists a section s that is also a group homomorphism, and 
therefore c s (a, r) = s(a)s(T)s(aT)~ 1 = 1. That is, s is a central section and [c s ] = 1. 

Suppose now that s is a central section s with [c s ] = 1. This means that there exists a 
continuous map a \— ► rj a from G in Z such that 

c s {ct,t) = s(o-)s(r)s(crr) _1 = 7] a 9(a)(r] T )r]^ = r ?CT s(cj)r ?T s(cj) _1 r/ CTr 1 = r ?CTT 1 s(cr)r ?r s(cr) _1 r ?(7 . 

Then, the map t(o~) = n~ 1 s(a) is also a section and it is a group homomorphism: 

t{o-)t{T)t(oT)~ l = r}~ 1 s(a)r)~ 1 s(T)s(o-T)~ 1 r] (TT = r/" 1 s^)^ 1 s(o-) -1 s(cr)s(r)s(o-r) _1 r/ (Tr = 

= Va ls (<r)VT 1 s(ar 1 r] aT s(a)s(T)s(aTy 1 = r]^ 1 s(a)r]^ 1 s(o-y 1 r] aT c(a,T) = 1. 

□ 

Hence, deciding whether an exact sequence is split is equivalent to deciding whether the set of 
all cohomology classes associated to central sections contains the trivial class. Now we show how 
to compute the set of all cohomology classes associated to central extensions from the knowledge 
of one particular class [c s ] in this set. 

Let s be a central section; we denote by Q s the action it defines on H and by 9 the action 
it defines on Z. The following exact sequence of G-groups 

1 — > Z — ► H — ► H/Z — ► 1 

gives rise to the cohomology exact sequence of pointed sets (cf. [TJ p. 123]) 

1 — > Z — > H — ► H/Z — > H l {G, Z- 9) — ► H l (G, H; G s ) — ► H X {G, H/Z; <d s ) -U H 2 (G, Z; 9). 

The explicit description of the connecting map 5 is given in terms of cocycles by 

6: H\G,H/Z;® S ) — > H 2 (G,Z;9) 

[o-^iJjaZ] .— > [{a,r)^ip a ® s {a)^ T )^\. U 

Proposition 3.2 The set of all cohomology classes associated to central sections is [c s ] im(S) C 
H 2 (G,Z;9). 
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Proof: Let tp: a i-> ip a Z be an element in Z 1 (G,H/Z]O s ). Then 

c s ((T,t)5(^)(<7,t) = c s (cr,r)-0 CT s(cr)-0 r s(cr)~VaT = 

= c s {a,T)il) u s(a)'il) T s(T)s(aTy l s(ot)s(t)~ 1 s(o)~ 1 ^ = 
= c s ((T,T)if) (T s(cr)if) T s(T)s(aT)~ 1 c s (cr,Ty 1 iJj~T = 

which is the 2-cocycle associated to the central section a 7p a s(a). 

Let t be an arbitrary central section. For each a € G we define ip a = t(a)s(a)~ 1 . The map 
-0 : cr i — > tpcrZ is continuous and we have that 

S(iP)(a,r) = Vvs^Ws^rV^ 1 =t(v)a(*)- 1 8(*)t(T)a(T)- 1 8(*)- 1 s(*T)t(*T)- 1 = 

= ct(a,T)t(ar)s(aT)^ 1 s(aT)s(r)^ 1 s(a)^ 1 s(aT)t(ar)^ 1 = 
= c t {cr,T)c s (a,Ty 1 , 



and we see that [q] S [c s ] im(S). □ 
Proposition 13.11 together with 13.21 immediately give the following 

Corollary 3.3 The exact sequence (|4]) is split if and only if the following conditions hold: 

1. There exists a central section s. 

2. The set [c s ] hn(S) C H 2 (G, Z;6) contains the trivial cohomology class. 

Now we particularize these results to the exact sequence ([3]). Let B be a building block, B = 
End (B), F = Z(B) and a B^B} a locally constant set of compatible isogenies. Since the 
are compatible the map s : a i— > \i a is a central section for ir, and the action it defines in B* 
and in F* is the trivial one. Therefore, with this action we can identify H 1 (Gk,B*/F*) with 
Houi(Gk, B*/F*), and the connection map 5 is given by: 

5: Rom(G K ,B*/F*) — » H 2 (G,F*) 

Moreover, the cohomology class [c s ] is just the restriction to Gk of 7 = [cb]. Putting all these 
considerations together we obtain, as an immediate consequence of 13.31 t ne following result. 

Proposition 3.4 Let B be a building block and^f = [cb] £ H 2 (Gq, F*) its associated cohomology 
class. Then B is isogenous to a variety defined over a number field K if and only if there exists 
a continuous morphism ip : Gk^B* / F* such that 8(ip) ReSQ (7) = 1. 

Since 7 is 2-torsion, the above proposition tells us that B is defined over K up to isogeny if 
and only if Res^ (7) is equal to S(ip), for some morphism xfj. This result allows us to calculate 
fields of definition up to isogeny of building blocks by knowing the image of the connecting map 
5. Therefore, before we continue with our study of fields of definition, we have to compute the 
image of 5. 
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4 The image of 5 



This technical section is devoted to compute all the elements in H 2 {Gk, F*)[2] that are of the 
form 5{ip) for some continuous morphism ip: Gk^B* /F* , and to determine their components 
6(if))± and 6$) under the isomorphism H 2 (G K , F*)[2] ~ H 2 (G K , {±1}) x Hom(G^,P/P 2 ) 
(this isomorphism is just the restriction of ([1]) to Gk)- The image of a continuous morphism 
ip: Gk^B* / F* is a finite subgroup of B* / F* . In [1, Section 2] these subgroups are studied and, 
in particular, we have the following result: 

Proposition 4.1 (Chinburg- Friedman) Let B be a totally indefinite division quaternion al- 
gebra over a field F. The finite subgroups of B* / F* are cyclic or dihedral. There always exist 
subgroups of B*/F* isomorphic to C2 and C2 x C*2- For n > 2, if Cn is a primitive n-th root 
of unity in F, B*/F* contains a subgroup isomorphic to C n if and only if ( n + C" 1 G F and 
F(Cn) is isomorphic to a maximal subfield of B. In this case, B*/F* always contains a subgroup 
isomorphic to a dihedral group P>m of order 2n. 

In order to compute the cohomology classes 5{ip) we will consider four separate cases, depending 
on whether imif) is isomorphic to C2, C2 x C2, C n or L>2n for n > 2. The following notation 
may be useful: if G is a group, we denote by Ac the elements 7 G H 2 (Gk, F*)[2] that are of 
the form 7 = 6(ip) for some morphism ip with \~mip ~ G. 

As usual we will identify the elements in H 2 (Gk, {if}) with quaternion algebras over K, 
and we will use the notation (a,b)x for the quaternion algebra generated over K by i,j with 
i 2 = a, j 2 = b and ij + ji = 0. As for the elements in Hom(Gi^ , P/P 2 ) we will use the 
notation (t,d)p with t G K and d £ F* , to denote (the inflation of) the morphism that sends 
the non-trivial automorphism of G&l(K(yi)/K) to the class of d in P/P 2 . Every element in 
Hom(Gft-, P/P 2 ) is the product of morphisms of this kind, and therefore it can be expressed in 
the form {t\,d\)p ■ (t2,^2)p " " " (tn,d n )p for some t; L G K, di G F*. We remark that, although 
they are convenient for their compactness, these expressions for the elements of Hom(G^, P/P 2 ) 
are not unique. 

Proposition 4.2 An element 7 G H 2 (Gk, F*) belongs to Ac 2 if and only if 

• 7 = (t,b)p, with t G K \ K 2 and b G F* is such that F(y/b) is isomorphic to a maximal 
subfield of B. 

• 7± = (t,aiga.(b)) K . 

Proof: Let V be a morphism whose image is isomorphic to C%. Then the fixed field of ker^ 
is K{\ft) for some t G K \ K 2 , and is the inflation of a morphism (that we also call ip) 
from Gal(K (\/t) / K) , which is determined by the image of a generator a of the Galois group. 
If ip(o~) = y (here y means the class of y in B*/F*), then y 2 = b G F* and y F*. That is, 
F(yb) is isomorphic to a maximal subfield of B. From the explicit description of 5 given in ([6]), 
a straightforward computation shows that a cocycle c representing 5{ip) is given by 

c(l, 1) = c(l, a) = c(a, 1) = 1, c(<7, a) = b. 

By taking the sign of this cocycle we obtain a representant for 5(ip)±, and it corresponds to the 
quaternion algebra (t, sign(6))^. The cocycle c 2 is the coboundary of the map 1 1 — >• 1, cr 1 — > fo, 
and by 12.21 the component 5(^) is (t,b)p. 
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Now, for t G K\ K 2 and b G F* such that F(y/B) is isomorphic to a maximal subfield of B, 
take y E £> with y 2 = b. Then the morphism ip: Gal(K(\/i)/K)—>B* /F* that sends a generator 
a to |7 has image isomorphic to C2, and by the previous argument the components of 5(tp) are 
<5(V0± = (* , sign(6))^ and = (t, 6) P . □ 

Proposition 4.3 An element 7 G H 2 (Gk, F*) lies in Ac 2 xC2 if an d only if 

• 7 = (s, a)p • (t, b) p, where s, t E X \ X 2 and ,B ~ (a, 6) P with a positive. 

• 7± = (sign(6)s,t)i<r. 

PROOF: If ^ is a morphism with image isomorphic to C2 x C2, it factorizes through a finite 
Galois extension M/K with Gal(M/if) ~ C 2 x C 2 . We write M as M = if(v/£, v 7 *), and let 
cr, r be the generators of the Galois group such that = K(\/t) and M^ T ' = K(\fs). If 

x = tp(o-) and y = tp(r), we know that x 2 = a G F*, y 2 = b G F* and xy = eyx for some e £ F*. 
In fact, multiplying this expression on the left by x we see that necessarily e = — 1, and hence 
B~{a,b) F . 

Let 7s i(I be the cocycle in Z 2 (Gal(M/K), F*) defined as the inflation of the cocycle 

7s,a(l 5 1) = 7s,a0, 1) = 7s,a(l, 0~) = 1, 7s,a(<7, <x) = a, 

and in a similar way we define the cocycle 7^ by means of 

7t,b(l> !) = 7t,b(T, 1) = 7t,b(L t) = 1, 7t,b( r , T ) = b - 

Let x s and xt be the elements in Hom(Gal(M/iT), Z/2Z) defined by p s/s/yfs = (-l)x-(p) an d 
P^/t/y^ = (_l)x«0>) j an d let 7^ be the 2-cocycle in Z 2 (Gal(M/iT), {±1}) defined by 7 Sjt (p, /x) = 
(— l)Xs(/ 1 )xt(p)_ Then, a direct computation gives that a cocycle representing 6(ijj) is the product 
of these three 2-cocycles: c = 7^ • 7 s>a • 7^. It is well known that 7^ represents the quaternion 
algebra (s,t)K, and then we have that 6(ip)± = (s,t)x • (s,sign(a))^ • (t, sign(fe))x- Since B is 
totally indefinite, we can suppose that a is positive, and then 6(ip)± = (sign(fe) s,t)jc- Arguing 
as in the proof of 14.21 the component 5(tp) is easily seen to be (s, a)p ■ (t, b)p. 

Finally, suppose that B ~ (a, b)p where the element a is positive. Let s, t be in K \ K 2 , and 
let x, y G B be such that x 2 = a, y 2 = b and xy = — yx. With the same notations as before for 
Gal(if (\fs, \fi)/K), the map rp that sends a to x and r to y satisfies that 5(ip)± = (sign(fe) s, t)x 
and = (s,a)p • (t,b)p. 

□ 

Proposition 4.4 Suppose that B*/F* contains a subgroup isomorphic to C n for some n > 2, 
and let Q n be a primitive n-th root of unity in F and a = 2+£ n +£„ . An element 7 G H 2 (Gk, F*) 
lies in Ac n if, and only if, there exists a cyclic extension M/K, with Gal(M/if) = (a) such 
that 

• 7 = (t, a), where M(y/i) = . 

• 7± is represented by the cocycle 

( i jy. J 1 ifi + j<n, 
c±(cr ,<r>) = < (7) 
-1 ifi+j^n, 
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We note that if n is odd then Ac n = {1}. 



Proof: Let ip be a morphism with image isomorphic to C n . Then the fixed field for ker^ is a 
cyclic extension M/K with Gdl{M/K) = (a). The element x G B* such that ip(o~) = x has the 
property that a = x n lies in F*. Since i^{a ,% ) = x l , a straightforward computation shows that 
5{ip) is given by 

/ i n J 1 ifi + j<n, 
la it % + j ^ n. 

By [H Lemma 2.1] we can suppose that x = 1 + C with £ G i3* an element of order n. We 
identify C with Cn and then by Owe see that ( + C -1 G i 7 *. From (1 + C) 2 C _1 = 2 + C + C _1 
we see that (1 + C) 2n = (2 + C + C" 1 )™, and if we define a = (2 + C + C _1 ) G ^* we have that 
a 2 = x 2n = (1 + C) 2ra = o n - Therefore, the cocycle c 2 is the coboundary of the map a % \— * a 1 , 
^ i < n, and by 12.21 the component 5(i/j) is the map that sends a to the class of a in P/P 2 . 
Clearly a 2 is in the kernel of this map, and since (a) = (a 2 ) if n is odd, then 8(ip) is trivial in 
this case, while if n is even and K(\/i) is the fixed field of M by (o~ 2 ), then S(i()) = (t, a)p. 

A cocycle representing 5(ip)± is the sign of ([8]). If n is odd, the cohomology class of this 
cocycle is always trivial (it is the coboundary of the map a % \—* (sign a) 1 for ^ i < n). If n is 
even then a is a totally negative element, because 

a = x n = (i + cr = (2 + c + c l ) n/2 c 12 = -(2 + c + c 1 )™ 72 , 

and 2 + C + C _1 is positive due to the identification of C with Cn- This gives that 5(tp)± is given 
by©- 

Finally, if t, M, a and a are as in the statement of the proposition, the map ip sending a to 
(1 + C) with C G B* an element of order n gives a 5(ip) with the predicted components. □ 

Proposition 4.5 Suppose that B* /F* contains a subgroup isomorphic to Z?2n for some n > 2. 
Let Cn be a primitive n-th root of unity in F, a = 2 + Cn + Cn 1 an d d = (Cn + Cn 1 ) 2 — 4. j4 
cohomology class 7 G H 2 (Gk, F*) lies in Ar> 2n if, and only if, there exists a dihedral extension 
M/K, with G&1(M/K) = (a,r \ a n = l,r 2 = l,or = to- -1 ) suc/i that 

• 7 = ( fl ,a)p ■ (t,6)p, w/zere = M< ct2 ' t \ L(v^) = Af< ff > and b G F* satisfies that 
B~{d,b) F . 

• 7± *s given by the cocycle 

( i i> j\ f 1 if i~i'>0 ( i i' j>\ f 1 if i + i' <n 

c±(a T,a T J ) = i c±((T,(7 r J )= (9) 

[-1 «/ z-z'<0, [-1 «/ i + i')n, 

We note i/tat i/n is odd, £/ien 7 = (i, o)p and j± = 1. 

Proof: Let ^ be a morphism with image isomorphic to Z?2n- It factorizes through a dihe- 
dral extension M with Gal(M/if ) = (a, r) and the relations between the generators as in the 
proposition. If we call x = ip(cr), y = ip(r), we know that x n = a G F*, y 2 = b G F* and 
there exist some e G F* such that xy = eyx -1 . Multiplying in the left by x n ~ l we find that 
x n y = e n yx~~ n and hence e n = a 2 . Now we show that, in fact, e can be identified with a. Indeed, 
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x = 1 + C with C S B* of order n that we identify with £ n , and so x -1 = (1 + C _1 )(2 + C + C~ 1 )~ 1 - 
Since F{Q is a maximal subfield of B different from F(y), the conjugation by y is a non-trivial 
automorphism of F(Q/F. The only such automorphism is complex conjugation, which sends 
C to C _1 ) and therefore y _1 Cy = C • This implies that (1 + Q)y = y(l + C -1 )) and this is 
xy = (2 + £ + (~ 1 )yx~ 1 which proves that e = (2 + £ + £~ ), which is identified with a. 
In order to give a compact expression for <5(?/>) we first define a cocycle 'jb'- 



and a cocycle e: 



1 ifj+j'<2, 

b if j+j' = 2. 



/ i i' I * ifi-i'>0 j j, •/ (l ifi + i'<n 

I a a if « — z < 0, a ltt + On. 

To compute a cocycle that represents 5(tp), we take the lift tp form B* /F* to i3 given by ^(cxV- 7 ) = 
x 4 ?;- 5 for 0^i<n,0^j<2. Then we have that 

(<5(^))(crVyV) = ^(aV)^(CT i V i ')?/;(CTVCT i V J 'V 1 = ^(aV)^(a i V J '')^(a l ~ i V 1+J '')- 1 = 

( x i yx i' y j'^ x i-i' y (l+j')mod2^~l if t - i' > 

|x i yxV''(z n+(i ~ i 'V 1+i ' )mod2 ) _1 if t-i' < 
Ja i 'x^ i 'y 1 +-'"y-( 1 +-'") mod2 aH*-* 1 ) if j - «' ^ 
1 a < V^y + J , y~ (1+J '' )inod2 ar^^ar" if t - *' < 

f7 6 (crV,a i V)c/ if i — i' ^ 
1 7 6 (o-V,<7 i V')c/a~ 1 if i - i' < 0. 



{x i x i 'y^' (x i+i 'y^')~ 1 if i + i' < n 

x i x i'yj' ( x (i+i )-nyj'^-l \i i -\- i' ^ n 

J x %+1 ' yi' y~i' x~ <yl+% '^ iii + i' < n 
[ x l+l ' yi' y~i' x~(' l+l '^ x n \i i + i' ^ n 

{7b(a*, a 1 ' T ] ') if i + i' < n 
7b(a* , cr 1 ' V J ') - a if i + £' ^ n. 

From these expressions we see that S(ip) is represented by the cocycle 7&-e. Clearly 7^ is 2-torsion 
since 7 2 is the coboundary of the map d 7 (<T*) = 1, dy(erV) = 6. The cocycle e is 2-torsion as 
well, and a coboundary for e 2 is given by the map d e (a l T^) = a % . If we view d 7 and d e as taking 
values in P/P 2 , then by 12.21 we have that 5(ip) is the map d e ■ cL,. Note that (<t 2 ,t) C kerd e . 
If n is odd, then (<t 2 ,t) = Gal(M/-ftT) and the only contribution to 5(i/j) comes from d 7 , and 
it is the map (t,b)p. If n is even, then the contribution from 7 e is (s,a), and in this case 
<5(V>) = (s,a) P ■ {t,b) P . 
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The component 8(ip)± comes from taking the sign in the cocycle 7^ • e. The element b is 
totally positive, since by pQ Lemma 2.3] we have that B ~ (d,b)F, and d is totally negative. To 
determine the sign of a, note that from a n = a 2 , we have that if n is even then cW 2 = ±a. The 
case cW 2 = a is not possible since otherwise F(x n / 2 ,y) would be a subfield of B of dimension 

4 over F. Then and the fact that a is totally positive forces a to be negative. This 
gives that 8{ip)± is represented by the cocycle ©. If n is odd then c± is the coboundary of the 
map erV- 7 h-> ( — 1)\ 

As usual, given an extension M/K, elements b £ F* , s,t G K* and c± 6 Z 2 (G&l(M/K), {±1}) 
with the properties described in the proposition, one can construct easily a map ip with the 
prescribed 5(ip) just defining ip(a) = x and V ; ( r ) = !7j where x,y generate a subgroup of B* 
isomorphic to D 2n and y 2 = b. □ 

5 Descending the field of definition of the variety 

Let B be a building block and let 7 = [cp] be its associated cohomology class. Suppose that K is 
a minimal polyquadratic field of definition of B and of all its endomorphisms. As we have seen, 
it might exist a variety Bq defined over a subfield L of K that is isogenous to B, but in this case 
with End° L (B ) £ End°(-B ). An interesting case of this situation is when the endomorphisms 
of Bq are defined over K. 

Lemma 5.1 Let B be a building block such that B and its endomorphisms are defined up to 
isogeny over a minimal polyquadratic field K. If Bq is a variety defined over L £ K that is 
isogenous to B , and has all of its endomorphisms defined over K , then G&\(K/L) ~ C 2 or 
G&\(K/L) ~C 2 xC 2 . 

Proof: Put B = End°(5 ), and F = Z(B). Since Bq is a building block, the elements of 
F are isogenies defined over L (this is a consequence of the existence of compatible isogenies 
and the fact that F is commutative). Then the action of Gl in End°(i?o) gives an injection 
G&1(K/L) ^ Autf(B). By the Skolem-Noehter theorem Aut F (B) ~ B*/F*, but Gsl{K/L) is a 
2-group, and the only subgroups of B* /F* that are 2- groups are isomorphic to C 2 or to C2 x C 2 . 
□ 

Proposition 5.2 Let B be as in the previous lemma, with associated cohomology class 7 = \cb\- 
If L is a quadratic subextension of K, then there exists a variety Bq defined over L isogenous to 
B and with End°(i?o) = End^(i?o) if and only if there exists a morphism ip: Gl^B*/F* with 
image isomorphic to C 2 such that Rcsq(7) • 5{ip) = 1. 

If L be a biquadratic subextension of K, then there exists a variety Bq defined over L isoge- 
nous to B and with End°(i?o) = End^(-Bo) if and only if there exists a morphism ip: Gl^B* /F* 
with image isomorphic to C 2 x C 2 such that Res,^^) • 6(ip) = 1. 

Proof: Being the two cases similar, we only prove the biquadratic one because it is the 
most involved. First of all, suppose that there exists a ip with image C 2 x C 2 such that 
Res^(7) • 8(i>) = 1. Write K = Q{^, y/t^, . . . , y/Q with K = L(V*i, Vh)- We know that 
7 = (ti,di)p ■ ■ ■ (t n ,d n )p for some a\ G F* , and then Res^T") = (ti,d\)p ■ (t 2 ,d 2 )p. Since 
8 (iff) = Res^T") = (t\,di)p ■ (t 2 ,d 2 )p, as we have seen in the last paragraph of the proof of 14.31 
we can assume that ip is the inflation of a morphism defined in Gal(_RT/Q). In particular, we can 
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suppose that Gk Q ker-i/>. For each a G Gl consider a £ B* such that ip(a) = ipo-F*. Then, 
the fact that Res,^^) • 5{ip) = 1 translates into the existence of elements {A CT G F*} ae c L such 
that 

^'V'/'^i^T'lr = A (J °A T °A ( ; 7 1 , for all a,T G G L , 

where as usual fi a stands for a compatible isogeny [i a : a B^B. Since X a belongs to the center 
of B, the isogeny A~ x ° \i a is again compatible. Hence, changing \x a by A~ lo /i CT we can suppose 
that 

fi a ' a fi T 'fi^'-ip a '-ip T '-ip~^ = l, for all ct,t G G L . (11) 

Now, for each a G Gl we define = Vv ° \x a G Isog°( cr i3, -B). Using (fTTI) it is easy to check that 
v a ° (y v T = v aT for all cr, r G G^. Therefore, by 12.31 there exists a variety i?o defined over L and 
an isogeny k: B^Bq such that k~ 1o<t /i = f CT = ip a °[i a . Now we have to prove that Bq has all 
of its endomorphisms defined over K. Every endomorphism of Bq can be written as K^ifK^ 1 
for some ip G End°(i?). Then, for a G Gk we have that 

where in the last equality have used that ip a G F*, because Gk Q kevi/j. 

For the other implication, suppose that there exists a Bq defined over L, with all of its 
endomorphisms defined over K and with an isogeny k: B—>Bq. For a G Gl we define v a = 
K - l o a K G Isog ( a B,B), and ^ = z^"^ 1 £ End°(5)* = B*. Since ° V r ■> z^ 1 = 1 for every 
cr, r G Gl, we have that iJ> a ° fJ-r" Har °i ) a°^T°^al = 1 for all a, r G Gl- Hence, the map 
a i — > 4>aF* : Gl^B*/F* is a morphism -0 such that Res^ce]) • 8(ip) = 1. Moreover, with the 
same reasoning we made in the first part of the proof, the fact that all the endomorphisms of 
Bq are all defined over K implies that ip a G Z{B) = F* for all a G Gk- Therefore tp factorizes 
through GsX(K/L), and does not factorize through any subextension K' of K, since otherwise 
all the endomorphisms of Bq would be defined over K', contradicting the minimality of K. 
Therefore, im(^) ~ Gsl{K/L) ~ G 2 x G 2 . □ 

6 Examples 

In this section we illustrate with some examples the use of the techniques developed so far in 
studying the field of definition of building blocks up to isogeny. We will use the information 
provided by the building block table of [U Section 5.1 of the Appendix]. These data can also be 
obtained directly by means of the Magma functions implemented by Jordi Quer, which are based 
on the packages of William Stein for modular abelian varieties. 

Example. Let B be the only building block of dimension 2 with quaternionic multiplication 
that is associated to a newform / of level TV" = 243 and trivial Nebentypus, and let 7 = [cb] be 
its cohomology class. The components of 7 are 7± = 1 and 7 = (— 3, 6)p, and Kp = Q( v / — 3) is 
a minimum field of definition of B and of its endomorphisms up to isogeny. The dimension of B 
is 2, as it is the dimension of Af, therefore, we know a priori that Q is a field of definition of B up 
to isogeny. Let us see now how this can also be deduced using our results. The endomorphism 
algebra B is the quaternion algebra over Q ramified at the primes 2 and 3. The field Q(\/6) 
is isomorphic to a maximal subfield of B, and by 14.21 there exists a morphism t/j: Gq— >B*/Q* 



= K'lpcr'ipclpp 1 ° K^ 1 = K°(fi° K^ 1 , 
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such that 5(ip) = (— 3,6)p and 5(ip)± = (— 3, 1)<q which is trivial in H 2 (Gq, {±1}). Therefore 
7 • 5(tfj) = 1 and we deduce the existence of an abelian variety defined over Q and isogenous to 
B. 

Example. Let B be the only quaternionic building block of dimension 2 associated to a modu- 
lar form / of level N = 60 with Nebentypus of order 4. In this case the variety Af is 4-dimensional 
and the cohomology class associated to B has components 7 = (5,2)p • (— 3, 5)p, and 7± the 
quaternion algebra over Q ramified at the primes 3 and 5. The field Kp = Q(\/5, \J — 3) is 
the minimum field of definition of the variety and of its endomorphisms up to isogeny, and the 
algebra B = End°(-B) is the quaternion algebra over Q ramified at 2 and 5, which is isomorphic 
to (-2,5)q. Hence, by S3] there exists a ip: Gq^B*/Q* such that 5(ip) = (5,-2) P • (-3,5) P 
and 6(i/j)± = (5, 3)q, which is the quaternion algebra ramified at 3 and 5. Hence 7 • 6(ift) = 1 
and by 15.21 there exists a variety Bq defined over Q and with all its endomorphisms defined over 
Kp that is isogenous to B. 

Example. Let B be the only quaternionic building block of dimension 2 associated to a new- 
form / of level N = 80 and Nebentypus of order 4. Now 7 = (5,2)p • (— 4, 3)p and 7± is the 
quaternion algebra over Q ramified at 2 and 5. Again Kp, which in this case is Q(v5, \f— T), is 
the minimum field of definition of B and of its endomorphisms up to isogeny. 

First, we observe that there does not exist a variety Bq defined over Q and with all its 
endomorphisms defined over Kp. By 15.21 the existence of such variety would be equivalent 
to the existence of a ip: Gq^B* /Q* with image isomorphic to C2 X C2 such that 8{ip) = 7 
and <5(V0± = 7±- By 14.31 5(ip) = (s,a)p ■ (t,b)p with B ~ (a, 6)q. If we want 5(ip) = 7, 
the only possibilities for a, b modulo squares are the following: a = 2 and b = 3, a = 2 and 
b = —3, a = —2 and b = 3 or a = —2 and b = —3. Since B is the quaternion algebra of 
discriminant 6, only the first two options are possible. But if 5(iJj) = (5, 2)p • (—4, 3)p, from 14.31 
we see that 5(tp)± = (5, — 4)q, which is not equal to -y±, and if 5(ip) = (5, 2)p • (—4, — 3)p then 
5(ip)± = (—5, — 4)q which is also not equal to 7±. Hence there does not exist such a ip. 

Now we will see that there exists a tp: Gq^B* / F* with image isomorphic to Z?2-4 such that 
7 • 6(1/1) = 1. This will tell us that there exists an abelian variety Bq defined over Q that is 
isogenous to B, but that does not have all its endomorphisms defined over Kp. First of all, 
we observe that B ~ (— 1, 3)q, and so B contains a maximal subfield isomorphic to Q(i), where 
i = \/— 1. This implies that B*/Q* contains subgroups isomorphic to D2-a- More precisely, if 
x, y are elements in B such that x 2 = —1, y 2 = 3, and xy = —yx, then the subgroup of B*/Q* 
generated by 1 + x and y is isomorphic to D2.4. 

The number field M = Q(v / 5, i) has Gal(M/Q) ~ -D2-4; generated by the automorphisms 
a: \fh 1— > i\/~5, i 1— > i and r: l— > V^5 3 * l— * — We define Gq^>-B*/F* as the morphism 
sending cr to 1 + x and r to y. From the expressions given in 14.51 we see that 5(ip) = (— l,3)p • 
(5,2)p, which is equal to 7. It only remains to see that <5(V0± = 7±- Let D be the quaternion 
algebra associated to 5{i>)±. Since 6(ip)± € Z 2 (Gal(M/Q), {±1}) and the extension M/Q only 
ramifies at the primes 2 and 5, D can only ramify at the places 2, 5 and 00 (see [21 Proposition 
18.5]). We will see that D ®q Q(i) is not trivial in the Brauer group (and therefore D ramifies 
at some prime), and that D(8)qQ(v5) is trivial (and therefore D does not ramify at 00). These 
two conditions imply that D ramifies exactly at 2 and 5. 

Since Gal(M/Q(i)) = (cr), a 2-cocycle c representing D ®q Q(i) is the restriction to the 
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subgroup (a) C Gal(M/Q) of a cocycle representing 5(ip)±. From Q we obtain that 

c(a\a j ) 



1 if i + j < 4 
-1 ifi + j^4. 



By [21 Lemma 15.1] the algebra associated to this cocycle is trivial if and only if — 1 G Nki^/qm 
where Nm^yQ^) refers to the norm in the extension M/Q(i). But —1 is not a norm of this ex- 
tension, hence D (g)Q Q(i) is non-trivial in the Brauer group. 

Since Gal(M/Q(\/5)) = (<7 2 ,t), a 2-cocycle c representing L> (g)Q Q(\/5) is the restriction to 
(o" 2 ) r ) ^ Gal(M/Q) of a cocycle representing 5(iJj)±. Again from (J9j) we obtain the following: 

c(l,l) = l c(cr 2 ,l) = l c(r, 1) = 1 c(a 2 r, 1) = 1 

c(l,a 2 ) = l c^cr 2 ) = -1 c(r,cj 2 ) = -l c(a 2 r,cj 2 ) = l 

c(l, r) = 1 c(a 2 , r) = 1 c(r, r) = 1 c(a 2 r, r) = 1 

c(l, a 2 r) = 1 c(a 2 , cr 2 r) = -1 c(r, cj 2 r) = -1 c(cr 2 r, cr 2 r) = 1. 

To see that the cohomology class of this cocycle in i7 2 (Gal(M/Q(\/5)), M*) is trivial (where 
now the action is the natural Galois action), we define a map A by A(l) = 1, A(er 2 ) = i, A(r) = i 
and A(ct 2 t) = —i. Now a computation shows that c(p,fj,) = A(p) • p A(/i) • A(p/x) _1 , for all 
Gal(M/Q( v / 5)). 



Example. Consider the building block B in the table associated with a newform of conductor 
336. For this variety 7 = (—3, ll)p and 7± is the quaternion algebra ramified at 2 and 3. Hence 
Kp = Q(V — 3) and since ResQ P (7-i-) = 1 we have that -fTp is the minimum field of definition of 
B and of its endomorphisms up to isogeny. We will show that B is not isogenous to any variety 
defined over Q. 

As Kp is a quadratic number field and 7± 7^ 1, the only morphisms ip we have to consider 
are those with image isomorphic to C2 or to C n for some even n > 2. The only such values of n 
with B*/Q* containing a subgroup isomorphic to C n are n = 4 and n = 6. Since the component 
(5('0) associated to a ^ with image C n has the form (t,2 + Q n + £~ 1 ), and for n = 4,6 we have 
that 2 + Cn + Cn i s n °t congruent to 11 modulo {±1}Q* 2 , it turns out that there does not exist 
any ip with image C4 or Cq such that 7 • = 1- If ift has image C2, the only possibilities are 
(5(V') = (—3, 11) or d(ip) = (—3, —11). In the first case we would have 5(ip)± = (—3, 1)q and in 
the second case S(ip)± = (—3, —1). In both cases 5(ijj)± / -y±, and thus there does not exist a 
ijj with image C2 such that 7 • 5(ip) = 1. 
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